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Inside Singularity Sets of Random Gibbs Measures
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We evaluate the scale at which the multifractal structure of some random
Gibbs measures becomes discernible. The value of this scale is obtained through
what we call the growth speed in Holder singularity sets of a Borel measure.
This growth speed yields new information on the multifractal behavior of the
rescaled copies involved in the structure of statistically self-similar Gibbs mea-
sures. Our results are useful to understand the multifractal nature of various
heterogeneous jump processes.

KEY WORDS: Random Gibbs measures; self-similarity; large deviations; Haus-
dorff dimension; fractals.

1. INTRODUCTION

Contrary to what happens with monofractal measures (for instance
uniform measures on regular Cantor sets), multifractal measures exhibit
simultaneously several different behaviors at small scales. It is natural to
question from which scale the multifractal structure of these measures
becomes discernible and remains stable. This paper introduces a notion
which provides a way to examinate the value of this critical scale. This
notion, that we call growth speed in singularity sets, is naturally related
with multifractal measures. In the following, we define and study the
growth speed in singularity sets for a class of statistically self-similar mea-
sures which includes random Gibbs measures. This work requires refine-
ments of the known theoretical results on the multifractal nature of these
measures. Finally, we obtain rigorous estimates of the error made when
approximating the asymptotic local behavior of the measure by observing
it at a fine but fixed grid.
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Before making precise all these notions, let us explain what one of
our main motivations was. The new multifractal properties we point out
in this paper are naturally involved in the small-scale structure analysis
of some jump processes recently considered in refs. 4, 7, and 8. Typi-
cal examples of such heterogencous jump processes are Lévy processes
in multifractal time. Performing a multifractal time change in irregular
processes is a natural idea when trying to build multi-parameter pro-
cesses.21:23:29) Indeed, such processes yield multifractal objects with an
interesting structure, that may be more realistic than classical homoge-
neous jump processes (for instance like Lévy processes) for the purpose of
modeling multifractal discontinuous phenomena (Internet traffic,(!?) varia-
tions of financial prices.?!)) Another relevant property of these processes
is that they provide new illustrations of multifractal formalisms.(410-14.24)

Our results provide tools to study these processes. Indeed, the mul-
tifractal analysis of heterogenecous jump processes in refs. 4, 7, and
8 requires to deepen our knowledge regarding statistically self-similar
singular measures generated by multiplicative processes. The fact that
these measures are locally equivalent to a rescaled copy of themselves
is exploited in a new direction using the notion of growth speed in the
Holder singularity sets of these copies. The growth speed yields new
insights on the structure of the process, which are more precise than
those obtained by only considering individually these copies as the same
probabilistic object. In particular, it provides a new quantitative way of
distinguishing two well-known families of statistically self-similar singu-
lar measures, namely the random Gibbs measures!> and the indepen-
dent random cascades, like Mandelbrot canonical cascades.?” This paper
focuses on random Gibbs measures, the case of the Mandelbrot canonical
cascades is very different and treated in ref. 6.

The multifractal structure of random Gibbs measures has been exten-
sively studied.(:12-14.16.25.27) This topic is concerned with the size esti-
mation of the Holder singularity sets of such a measure u. These
sets are defined as the level sets of the pointwise Holder exponent
lim,_, o+ (log uB(t,r))/log(r). The sizes of Holder singularity sets are mea-
sured through their Hausdorff (or packing) dimension. It can be shown
that these dimensions are obtained thanks to the Legendre transform of
a kind of free energy function t,, related to n. More precisely, let b be an
integer >2 and A the alphabet {0,...,b—1}. Suppose that we are work-
ing on the symbolic space A =AY endowed with the product topology
and the one-sided shift transformation o. If we A*=J,>, A", the n step
cylinder about w in A is denoted by [w]. The measures we are interested
in are associated with some (random) Holder potentiel and the dynamical
system (A, o).
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The function 7, considered in the multifractal formalism for measures
in refs. 10 and 14 is obtained as follows: For every g € R, let

1 o
Vizl tuj@=--log, > u(w)? and z,(g)=liminl1, ;).
J we Al !
(1)

The Legendre transform of 7, at « >0 is then t;;(oz) =infyer g —7,(q).
Then the Holder singularity set of level o >0 is defined as

1
Ei={rea: tim togy 4({r1n) o)

— 0 n

(t|n stands for 71 ---t,). The Gibbs measures we consider obey the multi-
fractal formalism in the sense that dim EX =r; (o) when r;j(oz) > 0.

This property is classically implied by the existence of a probability
measure u, of the same nature as w and such that u, is concentrated on
ElL ﬁEf,f‘( o+ This measure sy is called an analyzing measure of u at a.

The existence of the measure e has another important consequence
regarding the possibility of measuring how the mass of u is distributed at
a given large enough scale. Indeed, a direct consequence of the multifrac-
tal formalism®® and the existence of i is that for any ¢ >0 and « >0
such that r;’j () >0, one has

i log, #{w e A/ : b7 L p(w]) b=/ @9}
im .

=7} (@). Q)

The result we establish in this paper brings precisions on these sizes
estimates. We consider a refined version of the sets E,(u) by considering,
for any sequence &, going down to 0, the sets

Efi,, = {t €AV n>p, peten) <,u([t|n])) <b7"(°‘7‘9")}
and v = Ey 3)

It is possible to choose (e4),>1 so that with probability one, for all the
exponents o such that 7(«) >0, one has wa(EEY=llpall =1.
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Since the sets sequence Eff » is non-decreasing and ua(géf )=1, the
growth speed GS(u, «) in El can be defined as the smallest value of p for
which the u,-measure of Eéf p Teaches a certain positive fraction f (0, 1)
of the mass of g, that is the number

GS(u.)=inf {p:ua(EL ) > fInal |
Now for n>1 and o >0 let
No(p, o) =#{w e A" : b~ Ly ([w]) <b~"@ ], 4)
Heuristically, one has
GS(u, @) ~inf{p:Vn=p, "7 KN (1, @) BT @0y,

i.e. GS(u, o) controls by above the smallest rank p from which consider-
ing the evaluation of A, (u,a) at any scale b=" smaller than b=7 yields a
correct representation of the asymptotic behavior of A, (u, «).

Our results concern estimates of the growth speed of singularities sets
of copies of u involved in the self-similarity property of w. To illustrate
our purpose, let us describe the model of statistically self-similar measures
we shall work with in the sequel. We shall consider a natural random
counterpart to quasi—Bernoulli measures introduced in refs. 10 and 22 and
mainly illustrated by deterministic Gibbs measures on A. We are inspired
in particular by self-similar Riesz products and their random version con-
structed with random phases (see ref. 12 and examples of Section 3).

1.1. Quasi-Bernoulli Independent Random Measure

In the sequel = means equality in distribution.

A random probability measure u = u(w) on A is said to be a
quasi—Bernoulli independent random measure if there exists a constant C >0
and two sequences of random measures (u;);>1 and (w9 j>1 such that
for every j>1,

« P) Vw) e A x A fui@Dp(w) < puw) <
Cuj(hu? (),

o (P2)foreveryrel{0,...,b—1}, 0<essinf u([r]) <esssup u([r]) <oo,

« (P3) (u(j)([w]))weA* = (u([w)), e 4+ 1 is also denoted u®,

o (P4) o(u;(v]):veA)) and o (u") ([w]) :w € A*) are independent.
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The measures 1) are the copies of u mentioned in the paragraphs
above.

1.2. Controlling the Growth Speed in Hélder Singularity Sets
of the (n)’s

Let 4 be quasi-Bernoulli independent measure. For each copy u'/) of
i, the corresponding family of analyzing measures ufj ) will be defined as
e 1s defined for w. The result we focus on is the asymptotic behavior of

. . S () ; .
GS(;AJ’,@:mf{N:Mgf)(EO’jN)>f||ugf)||} as j — oo, (5)

For sake of simplicity, we give in this introduction a shorter version of our
main result (Theorem 2).

Theorem A. The function 7, is deterministic. Suppose that it is c2.
With probability one, for all « >0 such that 7(«) >0 there exists >0

such that if j is large enough, GS(u"’, o) <exp./Blog .
Let us introduce the quantity

GS/(M(j)s a)=inf {p ¥ n>p, pr i @—en) <Nn(ll(j)» o) < bn(rff(ol)ﬂ:n)}.

Theorem A also implies a control of N, (u/), @) (recall (4)). A stronger
version (Theorem 3) of the following result is going to be proved.

Theorem B. Suppose that 7, is C?. The same conclusion as in The-
orem A holds if GS(u/), @) is replaced by GS'(u'?, ).

As claimed above, Theorems A and B indeed yields new information
on the multifractal structure of random Gibbs measures.

Section 2 contains new definitions and two propositions that are used
in Sections 3 and 5 to state and prove stronger versions of Theorems A
and B. Section 4 contains the proof of results concerning the speed of con-
vergence of 7, ; to T,.

We end this introduction by giving an application of Theorem A.

1.3. An Application: The Hausdorff Dimension of New Limsup Sets

Let u be a quasi-Bernoulli independent random measure as defined
previously and consider v, its projection on [0, 1]. Examples of jump pro-
cesses of refs. 4 and 8 are

YooY Pk kDb D8 and (X ov([0,1])ge, <1

J=20 0<kghi—1
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where X is a Lévy process. Basically, if {x,} denotes the countable set of
jump points of such a process and (A,),>1 is a sequence decreasing to
0 such that limsup,_, ., B(xn, 1) =[0, 1], the multifractal nature of these
processes is closely related to the computation of the Hausdorff dimension
of the sets defined for every o >0, £ >1 by

K@& =) U [ — A5 20 +25]

N2 a2l o=t xn+rn D<Ay~

for some sequence (g,) converging to 0. The set K(«, &) contains the
points that are infinitely often close to a jump point x, at rate & relatively
to A,, upon the condition that v([x, — A,, x, +X,]) ~A%. This last condi-
tion implies that v has roughly a Holder exponent « at scale A, around
x,. One of the main results of refs. 4 and 9 (see also ref. 5) is the compu-
tation of the Hausdorff dimension of K(«,&). Under a suitable assump-
tion on (X,), it is proved in refs. 4 and 9 that, with probability one, for
all o such that t;j(a) >0 and all £>1,

dim K (o, §) =1,/ (o) /£, (6)

where dim stands for the Hausdorff dimension. This achievement is a non-
trivial generalization of what is referred to as “ubiquity” properties of
the resonant system {(x,, A,)}. Ubiquity plays a role for instance in the
description of exceptional sets arising in the problem of small denomi-
nators and the physical phenomenon of resonance.'!") In the classical
result, v is equal to the monofractal Lebesgue measure, so o =1, the con-
dition A% <v([xp — Any Xn + An]) SAY T s trivial, and dim K (1,£)=1/¢
(see ref. 11 for instance).

The fact that, by Theorem A, the growth speed GS(u'”), @) behaves
like o(j) as j — oo is a crucial issue in constructing a Cantor set of
Hausdorff dimension r;:(a)/é in K(a,&).

2. DEFINITIONS, GROWTH SPEED IN SINGULARITY SETS

In the sequel, (2, B,P) denotes the probability space on which the
random variables of this paper are defined.

2.1. Measure of Singularity Sets: A Neighboring Boxes Condition

Let © and m be two probability measures with supports equal to A.
With any w € A" can be associated the integer i(w)€{0,1,...,b" —1}
such that the b-adic subinterval of [0, 1] naturally encoded by w is
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[i(w)b™", (i(w) + 1)b™"] (alternatively i(w)b™ = j_; wrb™%). Then, if
(v, w) e A", §(v, w) stands for |i(v) —i(w)|. This defines an integer valued
distance on .A". This distance yields a notion of neighbors for cylinders of
the same generation. This notion coincides with the natural one on b-adic
subintervals of the same generation in [0, 1].

Let €= (ex)n>0 be a positive sequence, N >1, and g >0.

We consider a slight refinement of the sets introduced in (3): For
p=1,

Ynzp,Vye{-1,1}
Ej ,(N,8)={r€A: pY"E=YED ((w])Y <1

Ywe A", §(w,tln) <N,

and  EF(N, D)= Ef , (N, D). (7
p=1

This set contains the points ¢ for which, at each scale n large enough, the
w-measures of the 2N + 1 neighbors of [t|n] (for the distance §) belong to
[p~"(B+en) p=n(B=¢w)] Controlling the mass of these neighbors is necessary
in the proof of (6) when p is a quasi—Bernoulli independent random mea-
sure.

For n>1 and ¢, >0, let us define the quantity

S, py= 3 BETT KT m(hu ()" ()

ye{—1,1} v,we A" §(v,w)<N
Proposition 1. Let (1,),>1 be a positive sequence.
If > Sy (m, ., B) < 400, then Eg(N,E) is of full m-measure.

Remark 1. The same kind of conditions was used in ref. 2 to obtain
a comparison between the box(!?) and centred® multifractal formalisms.

Proof. For ye{—1,1} and n>1, let us define

" VweA, yn(B—ven) Y

S(w, tln) <N,
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For ¢t € A, if there exists (a necessarily unique) w € A" such that i(w) —
i(t|ln) =k, this word w is denoted wi(t). For y e {—1,1}, let §,, =
Z—NékéN my with

me=m({t € A:pY" PV (1)) > 1}).
One clearly has
m((Ef (N, en, 1) | J(EF (N, €4, 1)) < Sy -1+ Syt (10)

Fix n,>0 and —N <k<N. Let Y(¢) be the random variable which equals
by B=yve)mn y ([wy (H)])Y™ if wy(t) exists, and 0 otherwise. The Markov
inequality applied to Y (r) with respect to m yields my < [ Y (r)dm(t). Since
Y is constant over each cylinder [v] of generation n, we get

mi < > b By e I (o] w([w])” ™.
v,we A:i(w)—i(v)=k

Summing over [k| <N yields S, _j + S,.1 < Sy (m, u, B). The conclu-
sion follows from (10) and from the Borel-Cantelli Lemma. [i

2.2. Growth Speed in Families of Singularity Sets

Let A be a set of indexes, and Q* a measurable subset of Q of proba-
bility 1. Some notations and technical assumptions are needed to state the
result.

o For every we Q*, we consider two sequences of families of mea-
sures ({Mi”}xax) o and ({my)})»eA) o such that for every j >0, the
iz iz

elements of the families {,uij )},\EA and {mij )},\GA are probability measures
on A. For ve{u,m}, {v§0)}A€A is written {vy}iea.

o We consider an integer N >1, and a positive sequence €= (&,)n>1,
as well as a family of positive numbers (8;),ca. Then, remembering (9) let
us consider for every j >0 and p>1 the sets

() ) ()
Eg: (N, &)= () Eg" (N,en, —DNE" (N, 1). (11)
nzp
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e Given j >0 and A € A, the sets E/lg" (N,®)}, p>1, form a
non-decreasing sequence. One then defines the growth speed of these sets

respectively to mkj as the quantity

GS(mf\’),uif),,BA,N,E):inf{p)l:mi’)( (N ) > 1/2}. (12)

This number, maybe infinite, is a measurement of the number p of gen-
)

ud
erations needed for E (N €) to recover a certain given fraction (here

) ()

chosen equal to 1/2) of the probablllty measure m,”’. We assume that m;

is concentrated on hm,,_,+ooE (N, %), so that GS(m(A]), ;L;]), By, N,%) <

oQ.

Br.p

o We assume that for every positive sequence 7= (1;) j>05 there exist
— a random vector V(%)) eRY , a sequence (V(/)) i>0 of copies of V),
— a sequence (¥;(77)) >0 such that for P-almost every w e Q*,

Viz0, Vazy;@), Vi zsupsVermenS u9 ), (13)
AEA

N.en, nn( () ()

where S, my"", ;" By) is defined in (8). This provides us with a uni-
() INC)]

form control over A € A of the families of measures (m,”", t;"") j>0.

Proposition 2 (uniform growth speed in singularity sets). Let 7 =
(nj)j>0 be a the sequence of positive numbers.
Let (Sj)j>0 be a sequence of integers such that S; >, (77). Assume that

3 E(Vn(ﬁ)) <oo. (14)

J>0n>S;

With probability one, for every j large enough, for every A € A, one has
GSom”, ", B, N, <S;.

Proof. Fix j >1. As shown in Proposition 1, for every n >1 and
every A€ A, one can write

) . o) .
(B (V.o D) U(ES" (V.60 D)) <8250 D 1P ).
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Thus, using (13), one gets

i () . 0 ‘ '
m&/)( U (Eg:j (N’gn’_l))CU(E;:A] (N.e,. 1))c)< Z Vn(j). 15)

Now (14) yields

ZIP’( 3 v,ff>>1/2)<2Z1E( 3 v,f”) < o0.

j=1 nzS;j j>1 n=S;

Thus, with probability one, >, - S; Vn(j ) <1 /2 for every j large enough.
This, combined with (11), (12) and (15), implies that, with probability one,
for all j large enough, for every A€ A, GS(my), u(kj),,BA, WA ECT |

3. MAIN RESULTS
3.1. Examples of Quasi-Bernoulli Independent Measures

It is not difficult to show that, in the setting of ref. 15, the two fol-
lowing examples can be seen as random Gibbs measures associated with a
random Holder potential in the dynamical system (A, o).

Example 1 (multinomial random measures). Let (Wy, ..., W,_1) be a
positive random vector such that Zz;(l) W; =1 almost surely, and let
((Wo, e W 1)( j))].21 be a sequence of independent copies of the vector
(Wo, ..., Wp_1). Let £ denote the unique measure on A such that ¢(Jw]) =
b™" for we A".

With probability one, the sequence of measures (i) ;> defined on A
by

du; o
%(t):bfgwwk(k) refw .. w;] (16)

converges weakly, as j — 0o, to a probability measure nu which clearly
satisfies (P1)—(P4). Here p/) is constructed like p, but with the vectors
((Wo, cee Wb—l)(k))k>j+1 instead of ((W(), e Wb—l)(k))k>1-

Example 2 (random Riesz products). Let ¢ be a l-periodic Holder
continuous function on R and let (6)r>0 be a sequence of independent
random variables uniformly distributed in [0, 1]. Let = : A — [0, 1] be the
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mapping t =t -+t - > 3 45 ttb~*. Then consider on A the sequence of
measures (u;);>0 whose density with respect to £ is given by

dij o Tlizgexp(#¢x(0)+60)

= : . 17

de Jo TTZ) exp (¢ bk (u) +60)) du (1
Because of Theorems 3.1 and 3.2 in ref. 15, with probability one, the
sequence {u;} converges weakly to a probability measure p. Moreover, it
is shown in refs. 3 and 12 that, because of the Holder regularity and the
1-periodicity of ¢, properties (P1)-(P3) hold. Property (P4) follows from
the fact that the 6;’s are chosen independent. Here 1 is constructed like
u, but with the phases (6)i>j+1 instead of (Ox)i>1.

3.2. Identification of the Function 7, and Auxiliary Measures

Let u be quasi-Bernoulli independent random measure. We specify
the scaling function 7, and the family of analysing measures discussed in
the Introduction.

o The function t,. For every j, k>1, let us define the function

1
Vg eR> T logy > () (w’.

we Al

where (u®) ; denotes the measure associated with w® like u ;j is associ-
ated with p in formulas (16) and (17). When k=0 we simply write 7;(q).

The same arguments as those used in refs. 3 and 12 (mainly based on
Kingman’s sub-multiplicative ergodic theorem) show that, with probability
one, for all g € R and for all k£ >0, r](k)(q) converges, as j — +o0o, to a
real number 7, (¢g) (thus independent of k). 7,(¢) coincides with the num-
ber defined in (1). Moreover, 7,(¢g) is also the limit when j— 400 of the
sequence ]E(rj (q)). In particular the mapping ¢ — 7,(g) is deterministic.

Due to the concavity of t;, with probability one, 7; converges uni-
formly to 7, on compact sets.

o Auxiliary measures. The multifractal spectrum of u is obtained
thanks to the following auxiliary measures u,. Let Q* be a subset of
with P(Q*) =1 such that the conclusions of Proposition 3 hold for all
w e Q*. For every we Q*, for all geR and for all j>1, let u, ; be the
probability measure with a density with respect to the measure ¢ on [v]
(for every ve A/) given by b/ u([v])9b/% @,
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If w is still fixed, for every ¢ € R one can consider a subsequence
Jn(g) such that the sequence {u4, j,(q)}n converges weakly to a measure p,
(which depends on w). This can also be done for the measures ). For
every fixed we Q*, for all j >1 and g €R, a measure ,ufl is built as ug.

3.3. Main Results

In the sequel, [x] stands for the integer part of the real number x.
If the function 7, is differentiable, J stands for the open interval {g eR:

7,(q)q — tu(q) > 0}.
Theorem 1. Let u be a quasi—Bernoulli independent random mea-

sure, and assume that 7, is twice continuously differentiable. Let & =
(e)n>1 a sequence of positive numbers going to 0. Assume that V (M, o) >

0 the series - bM”S/4 log(n) p—nare; converges.
With probablhty one, Vq € J, the singularity sets Er @Dt
and Et, (q)(N ,€) (defined in (7)) are both of full u,-measure.
n

J(N.%)

Remark 2. (1) As soon as &, >n~"/8log(n)!/2*" for some 1> 0, one
has pMn*/*logtn p—nael < =(1420) for all M > 0. The conclusions of Theo-
rem 1 thus hold in this case.

In view of the law of the iterated logarithm (see refs. 17 and 26), one
could expect £ to decrease faster toward 0. This is not the case because
we impose the control of neighboring cylinders (in the sense of §) and the
uniform control over the parameter q.

(2) In Examples 1 and 2, 7, is analytic (see ref. 3 and references
therein).

The next statement uses the definitions introduced in Section 2.2. The
measures ;) and 1\’ play, respectively, the role of 1\ and m’ for j>1.

Theorem 2 (growth speed in singularity sets). Under the assumptions
of Theorem 1, let us choose n>0, N >1 and a sequence €= (g,) so that
en=>n"Y810g(n)1/2t. Let us also fix o> 1.

For every compact subinterval K of J, with probability one, for j
large enough and for all g € K, if S;=[exp (y/alog(j))]. one has

max (GS(ui”, w9, 7@, N.5). GS(u’, n!. @) = 1(@), N. 7)) <.

Remark 3. Instead of a fixed number of neighbors, it is not difficult
to treat the case of an increasing sequence of neighbors N,, simulta-
neously with the speed of convergence ¢,. This number N, can then go
to oo under the condition that log N, =0(n£5).
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Another improvement consists in replacing the fixed fraction f in (5)
by a fraction f; going to 1 as j goes to oo. The choice f;=1-5b"% with

si=o(|exp(v/alog(j))|) is convenient, as the reader can check.
J

Let us recall that for all integers j>1 and n>1
No(uD, o, ) = #{w e A : b~ <y D ([w]) <@~} (18)

Theorem 3 (speed of renewal of large deviation spectrum). Under
the assumptions of Theorem 1, let us choose &, > n~'/8log(n)!/2*" for
some n > 0. Let K be a compact subinterval of J, and let 8 =1+
maxgek |q|.

For every a > 1, with probability one, for j large enough, for all g € K

and for all n>[exp (y/alog(j))], one has

b”(f;a(q)q*fu(‘l)*lggn) <Nn (/’L(])v T;{L(q)’ gn) gbn(f,;(q)q*'f/t(q)‘i’ﬁgn)‘

The following Propositions are useful in the sequel.

Proposition 3. Let K be a compact subset of R, and let us fix
a>1.

1. There exists a constant Cg such that

for every n>1, sup |E(t,(¢)) —tu(q)| < Ck nl.
qgek

2. There exists a constant Cg such that with probability one

for every n large enough, sup |7,(q) —7.(q)| < CKlog(n)n_l/4

qgek

and for j large enough, for every n>[exp (verlog()))].

sup |ta” (q) — 1,(q)] < Cilog(nyn~"/*.
gek
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Proposition 4. Assume that 7, is differentiable and that K C{g €R:
T;/L(Q)‘I —1,(q) > 0}. Let us denote g the word consisting of k consecutive
zeros and dj the word consisting of k consecutive b — 1.

There are three constants (C, ng, A) eRi’f such that with probability one,

w(gnD? M([dn])yr/> AN <cC.

dn n
P (q([ D TR ey

qgeK.,n>0
ye{=11}, ne(0,n0]

and for j large enough, for every n>[exp (verlog(j))].

: @) M -
DD D
S;III? /’Lq ([dﬂ]) /.L(]) ([dn])y)7 ([ I’l]) (j)([ ])Vﬂ) b < C
ve(-1L 1} 1n€(0,10]

Propositions 3 and 4 are proved in Section 4, and the theorems in Sec-
tion 5.

4. PROOFS OF PROPOSITION 3 AND 4
4.1. Proof of Proposition 3

1. The arguments are standard. For ¢ € R and j > 1, let us define
Lj(q)=jE(tj(g)). As a consequence of (P1),

ca N @DV < > u(w)?
ve Al , we A" ve Aitn
and )" p@D? < YT Gay@Dr (D).

ve Ajtn ve Al , we A

Using then (P3) and (P4), and the definition of 7;(g), one gets
Vjnzl, VYgeR, |Ljtn(q)—Lj(g) — Ln(q)| < Cq:=Iqllog,(C).

It follows that the two sequences L;(q) +C4 and —L;(q) + C4 are sub-
additive. Consequently, the sequence (L;(q) + C4)/j converges, as j —
+o0, to its infimum denoted by L(g). Similarly, the sequence (—L;(g)+
C,)/j converges to —L(q). This yields that

Vjz1, VqeR, L(@)|<Cy/i, (19)

which gives the desired conclusion since we have seen that L(g)=1,(q).
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2. We invoke a property which does hold because of (P2): there
exists M >0 such that with probability one,

Vg.q' R, V=1, |tj(q)—1;(@)<Mlg—q. (20)

Fix K, a non-trivial compact subinterval of R.
For geK, j>0 and n>1, let us define the random variables

L (@)=—log, Y (u)u(w)
we A"

and L,(q) =Lf,0) (g). 1t follows from (P1) and (P4) that
VgeK, Vjnz1,YgeK, |Lin(q)—L;i(q)— LY (@) <lgllog,(C). (21)

Let Cx =sup,cx lq]10g,(C), and fix g € K. For every integer m > 1, we
write m = [/m]* + i, where i, € [0,3./m]. Using again (P1)-(P4), one
deduces from (21) that for every m > 1, there exist [/m] independent cop-

ies Xim),...,X[(%] of L{ sm(q) such that

[vm]
Ln@) = Y X" @)| <Cxlvml+ILi, @I <4Ckvm. (22)
i=l

We invoke the following concentration inequality (see Lemma 1.5 of
ref. 18)

Lemma 1. Let n>1 and let (¥;)1<i<, be a sequence of random var-
iable 1.i.d. with a centred and bounded random variable Y. For all s > 0,

> ||Y||oosﬁ> <2exp <—s2/2) .

P(‘ iyi
i=I

Let us define the random variables Yi('")(q) = Xl.(m)(q) —IE(Xi(m)(q)). By
(P2), one can find a constant Mg >0 such that sup,cx |¥/" (¢)| < Mk [v/m].
As a consequence, Lemma 1 can be applied to the bounded family
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Yl(m)(q), . Y[%](Q)' Then choosing s =+/2log(m) yields (remember that

1Y lloo < Mg [/m])
[vm]
P ‘ Z Yi(m)(q)‘ > 2M log(m)[/m]>/* <exp(— (logm)z).
i=1

) o

For every m > 1, let q{m < qém) <-.-<gq ... be a finite sequence of
points of K such that q,ﬁ'z)l —q,ﬁm) <m~Y4, and denote by R,, the set of
these points. We can assume that the cardinality of R, is less than or

equal to |K|«/m+1. Then

(V]
> Pl3geRn.

> ™)
m>1 i=1

< Z |K |v/m+1exp (— (logm)?) < co.

m>1

>2Mg 1og(m)[ﬂ]3/2)

This implies that for m large enough, for every ¢ € R,
[Vm]
Y ¥ ™ (@) | <V2logmMy[Jml2. (23)
i=1

On the other hand, remembering the proof of item 1 and (19), one has

Vg €Rm,

E(X1(q)) — [Vmltu(q)| < Ck. (24)

For every g €e Ry, |Lim(q) —mtu(q)| can be upper bounded by

[Vm] [m]
L@ =Y X" @ +|> v @
i=l1 i=1
[Vm]
+| D EX™ @) ~ WmP (@) + iml T (@)].

i=1

With probability one, for m large enough, using, respectively (22) and (24),
this first and the third term are both bounded by a O([/m]) (which does
not depend on ¢). Using (23) and remarking that i,, = 0([@]), one gets

|Lon(q) —mT(q)| < V2Mg log(m)[/m]** + O ([v/m)),
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where O([/m]) is uniform over g € R,,. This yields |1,(q) — t.(q)| =

-1/ 4) uniformly for g € R,, when m is large enough. The con-

O(log(m)m
clusion follows from (20) and from the construction of the sets R,,.

Let us show the second inequality of item 2. For every j >0, m>1
and g € K, let us consider a sequence Yl(m) Y(q), 1<i<[/m], associated
with w=pu like ¥ (g), 1 <i <[/m], is associated with = pu©. Let
R be defined as above, and let us consider the events

[/m]
AG.m)=13 g€Rm. | > Y™ (q)| > V2M log(m)[/m]*?
i=1

One verifies that )~ - Zm>[expm] P(A(j, m))< oo. We then deduce
from the Borel-Cantelli Lemma that with probability one, for j large
enough, if m > [exp (y/alog(j))] then A(j,m)¢ holds. One concludes by
using the same estimates as above.

4.2. Proof of Proposition 4

If t; e{gj,d;}, the same kind of arguments as in the proof of Propo-
sition 3 show that, with probability one, A;(1)=lim;_,(1/;)log, (M([tj]))
exists, and this number is deterministic. Hence, using (25), with probabil-
ity one, for every ¢ €R, the limit A,(g)=1im;_ o (1/j)log, (1q([7;])) exists
and is equal to gA,(1)+1,(g). Since g, is a finite measure, A;(g) <O0.

Moreover, there exists Cg >0 such that for P-almost every w € Q*, for
J large enough, for all g € K U{l},

1
| 1ogs (1 [11) = A+t | < Cilog(j
Vk>[exp (Valog()))],

So, for j large enough, y €e{—1, 1} and 5 >0, one has

| 1o, (1) D) ~ A @)] < Crclog bk

n(lg;D"" NG
Ha il gy a0 ggn <70
and Vk > [ exp (vlog(j))]
) 14 ; ) v
(J) w ([gk] M) w ([di]
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where

£() :b(2n+1)ckj3/4 log(j)bj’l(Md(l)|+\Ag(1)|) (bjAd(q) + bjAg(Q))'

Let us show that A,(q) <0 for 7 €{g,d} and g € K. Suppose A;(qp) =0
for some gp € K. Remember that gA;(1) +7,.(q) =A,(¢) <0 for all g eR.
Using the concavity of t,, the equality A;(gp) =0 implies that tl;(qo) =
—A;(1) and then that T,;(CIO)CIO — 74(q0) =0, in contradiction with our
assumption K C J.

Finally, since A;(q) =qA;(1)+1,(q), the mapping g — A;(g) is con-
tinuous, and the conclusion follows from properties (P1) and (P2), the
compactness of K, and the form of f(j).

5. PROOFS OF THEOREMS 1-3

Mimicking the approach in ref. 3 and using Propositions 3 and 4
show that if K is a compact subset of R, there exists a constant Mg such
that, with probability one, for n large enough, Vve A", VgeK,

1. 3 g (V] 3/41
Mol p— Mg logn) q < Mo bMrn* *logn) )
K0 S apeor <MK 2

and if o >1 is fixed, for the same constant Mg, with probability one, for
j large enough, for n>[exp (Valog(j))], Vve A", Vg ek,

)
ng @D My bMion oz (56

—1 . —(Mg)n3/*log(n)
Mz'b {——————
K = pD(u)abr@

Before starting the proofs, let us make a last useful remark.

Remark 4. If v and w are words of length n, and if v and w stand
for their prefixes of length n — 1, then §(v, w) > k implies §(v, w) > bk. It
implies that, given two integers n >m >0 and two words v and w in A"
such that p"—1 <§(v, w) <D™, there are two prefixes v and w of, respec-
tively, v and w of common length n —m such that §(v, w) < 1; moreover,
for these words v and w, there are at most b>" pairs (v, w) of words in
A" such that v and w are, respectively, the prefixes of v and w.
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5.1. Proof of Theorem 1

Fix K a compact subinterval of J and (17,),>1 a bounded positive
sequence to be precised later. For w € Q* and ¢ € K, let us introduce the
two quantities (recall (8))

Fu(q)=S)"*"" (g, 1. 7, (q)) and
Gn(@) =S (1g. g T/ (0)q — Tu(q)).- (27)

Due to Proposition 1, we seek for a uniform control of F,, and G,
on K. We only consider F, since the study of G, is similar.

e An upper bound for F,(q). Consider v, w € A" such that §(v, w)=
k<N, as well as two prefixes v and w of, respectively, v and w of common
length n — [log; (k)] such that §(v, w) <1. Let g € K. If n is large enough,
(25) holds for both v and v. Then, using the construction of u,, item 2.
of Proposition 3, (P1), (P2) and (25), one gets for n large enough

sy () < CE 1oy (5])  and  pu(w])?™ < Cu@)?™,  (28)

where C depends on C, K, ||7|lcc and ||Z]|co. Thus, by Remark 4, for n
large enough, 0<k< N and y €{—1, 1},

b1 @@ =yen)ynn Z Iig (whu(wp?™
v,we A", §(v,w)=k
~ 3/4 _ / _
< CpEn" ogn) py(n [logy kD (7). (@) =y €n)Y Z tg (D ((w]) ™

v,we Anlogp k1. S(v,w)<1

for some other constant C depending on C, K, N, ||Z]lcc and [|7]loo -
Let us remark that for every integer / €{0, ... ,log,(N)}, there are less

than b'+! integers k € [0, N] such that [log, k]=1. One thus deduces from

the definition (27) (and (8)) of F,(¢) and from the above estimate that

" [log, (N)]+1
Fu(q) <CoCr s N gt (g n )+ Ta(gon D), (29)
=0

where

Ti(g.n.h= Y b @7rEv YT quhu )™, (30)
vel=11} we A

To(q,n, )= Z =D @)=y en)y Z g D wh’™.  (31)

ye{=11} vwe A" §(v,w)=1
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Let us first upper bound Ti(q, n,1). (25) yields for some constant M} that

Z g (wDhp(wh¥™ < bmfu(l])M}(bM}{m3/4 logm Z M([w])‘”’”"" ,
weA™ we A"

where m =n —1[. Using item 2. of Proposition 3, for some constant Cg

Z (Y™ L p==Dtu@+ym)+a=DCx log—H (=0~

weAn—!

Since 7, is twice continuously differentiable, one has 7, (g +yn,.) —1.(q) —
Y1 7,(q) =n,0(n,) independently of g € K (if ||7]| is small enough), and

Ti(q. n, 1) < 2M bMi +Cx) =D logn=10) = (=D (en 0 (m0)), (32)

In order to estimate 7>(g,n,l), we use the words g; and dj defined in
Proposition 4. For every m > 1, a representation of the set of pairs (v, w)
in A™ such that 1(w)=1(v)+1 is the following:

m—1

U U {rde,u.(r+1).g0)}. (33)

k=0 yeAm-1-k rel0,...,b-2}

Let m=n—1. The sum 7, () =)_, yean. sww)=1 gD ((w])?™ equals

m—1 b—2
DD Yo weQuredu(u i+ . i)™,

k=0 yeAm=1-k r=0 (e, )e{(d.8).(g.d)}

Let us introduce O(q,k,n,y) = u(d)?n(gx)”™ + p(lgeD? u(deD? ™.
Using (25) and property (P1) of u, one obtains another constant C
such that

m—1

771,;/(6]) < a(b _z)bCKm3/4log(m)bmm(q) Z O(q. k., n,y) Z /L([u])quV””.
k=0 ue Am—1-k
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Then, item 2 of Proposition 3 yields (with another 5)

Zz,y(‘])
< abCKm3/410g(m)bmr,l(q)
m—1
« Z Oq, k. n, y)bZCK(m—l—k)3/4log(m—k—l)—(m—k—l)ru(q—&-ynn)
k=0
m—1
< Cp2Crm*Hlogm) pm (7, (@)=t g+ ) Z O(q, k, n, y)b*FDTu@+ymm)
k=0
m—1
< CH" T @Y+ 0) p2Cm log(m) Z O(q, k, n, y)bkmn@+0m)
k=0

By Proposition 4 and (25), the sum ZZ:OI O(q, k, n, y)bkn@+00m) i ynj-
formly bounded over ¢ € K and m >0 when ||7]|co is small enough. Hence,
replacing m by n—1,

Ts(q, n, 1) < CHXCx =¥ log(n=0) j—(1=Dmu(en+ O () (34)

Finally, combining (29), (32), and (34) yields

. [log, (V)]+1
Fu(q) < CpCr*Hlogm Z pl L pO=1 log(n—1)) = (n—1)nn (£ +0 ()
=0

— 0 (an3/4 lOg(”)b_nﬂn (5n+0(7771)))

for some M > 0 independently of ¢ € K. By our assumption on g,, the
choice n, =ae, with o small enough so that », (e, + O (1,)) 20[83 /2 makes
the series 3, | Fu(q) converge for every g € K. The conclusion concern-
ing the sets EZQ (q)(N ,€) then follows from Proposition 1.

5.2. Proof of Theorem 2

Fix @ € (1,a). We use twice (26), with @ and «, in order to get
a control like (28). For j large enough, if n > [exp (y/alog(j))] and if
ve A" and v is a prefix of v such that |v] > n — log,(n), then |v] >
[exp (valog(j))] and (28) holds for v and v. Then, from the computa-
tions performed in the proof of Theorem 1 and from Proposition 4, one
deduces that for every compact subinterval K of J, there exist C, M, >0
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and 7= (n)n>1 GRIF such that with probability one, for j large enough,

if n>[exp (ylog(j))], for all g€ K

max (SN () 1D, 7). @), SN (ud 1 4t (@) = Tu(@) )

3/4 B2
ngM" log(n) ﬂnan.

In order to apply Proposition 2, let us define

e A=K, r=q and {(m", 1)} s00ex =S, 1)} 50 4ek

e {Bilren= {T,/L(Q)}qu>
o for every j>1 and for n>1, V) = cpMn**log) p=pne;

o forevery j>1, ¥;()=8;=|exp (Valog()))].

With these parameters the conditions of Proposition 2 are fulfilled.
As a consequence, with probability one, for j large enough, for all g€ K,
GS( n), 7,(g), N.B) < [exp (Valog(D)].

Let us then consider the families {(,u((/), M((Ij))}j>0’qEK and {z/,(¢)q —
7.(q)}gex instead of the family {(uy”, u)}jz04ex and {)(@))gex.
respectively, and keep the same definitions for the other variables involved
in Proposition 2. Then the same control as above holds for the growth
speed GS(/,L((/), ui, q7/,(q) —7u(q), N, %). Notice that here the vector V)
is deterministic.

5.3. Proof of Theorem 3

Fix @« >1 and K a compact subinterval of J and N =0. A standard
Markov inequality (as in Proposition 1) shows that for j>0,n>1 and g €
K, one has N, (1), 7/ (q). &) gb_’”'f'/)(q)b"q(fli(q)“g"(q)g"), where sgn(q)
stands for the sign of ¢. Then, by Proposition 4, with probability one, one
has for j large enough, for n >exp (,/alog(j)) and for g€ K

No (1D, 7! (q). €n) < b (@ pna (T, (@) +5gn@en) < (L @a—Tu(@)+e))

£ M £ ~ ~ E)
where &), =sup,cx Mgn~4log(n) + |g|e,. One remarks that & < e&,(1 +
sup,ek Igl) for n large enough. On the other hand, let

() -~ ud ~
E:(E“ o,e)) (E g 0,% )
7, (q).[ exp alog(j)]( M 7 @) —7u(@), [ exp alog(j)]( )
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Using Theorem 2, with probability one, for j large enough, for all ¢ €

N,

g’ (E) > ug’1l/2 =1/2. But, looking back at the definition of E,

one remarks that M,(/)(E) <N, (1D, r;;(q),8,,)b_"(I/L(q)q_’“(q)_s”) for n >
exp (v log())), that is p" @4~ @=en 2 < N, (), 7,,(q) €n)-
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